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Abstract
For one and two dimensional field theory orbifolds we compute in the DR scheme the full
dependence on the momentum scale (q) of the one-loop radiative corrections to the 4D gauge
coupling. Imposing the discrete shift symmetry of summing the infinite towers of associated
Kaluza-Klein (KK) modes, it is shown that higher dimension operators are radiatively generated
as one-loop counterterms for the case of two (but not for one) compact dimension(s). They
emerge as a “radiative mixing” of effects (Kaluza-Klein infinite sums) associated with both
compact dimensions. Particular attention is paid to the link of the one-loop corrections with
their counterparts computed in infrared regularised 4D N=1 heterotic string orbifolds with N=2
sectors. The correction from these sectors usually ignores higher order terms in the IR string
regulator (λs → 0) of type λs lnα
′, (α′ 6= 0) but these become relevant in the field theory limit.
Such terms ultimately re-emerge in pure field theory calculations of Π(q2) as higher dimension
one-loop counterterms. We stress the importance of such terms for the unification of gauge
couplings and for the predicted value of the string scale.
PACS numbers: 11.10.Hi, 11.10.Kk, 11.25.Mj, 11.30.Pb, 12.10.Dm.
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1 Radiative corrections to gauge couplings.
One-loop radiative corrections to the 4D gauge couplings induced by compact dimensions were
extensively studied in the past. In general in a 4D renormalisable model such as the Standard
Model (SM) or the Minimal Supersymmetric Standard Model (MSSM), the one-loop “running”
of the gauge couplings is logarithmic. If these models are considered as low energy limits of
higher dimensional models, additional corrections to this “running” exist. These are associated
with compact dimensions and induced by the corresponding Kaluza-Klein (KK) states which are
charged under the gauge group of the model. Such corrections were analysed in effective field theory
(see for example [1, 2, 3, 4]) and in string theory models [5, 6, 7].
In an effective field theory model with one or two additional compact dimensions one can com-
pute the one-loop correction to the 4D gauge coupling by summing up individual contributions of
the Kaluza-Klein states in the loop (Figure 1). The correction is usually evaluated on-shell (q2 = 0)
and this is particularly true for the string calculations, which in a more general setup also include
the additional effect of the winding modes (if present). The coupling corrected by this one-loop
threshold correction depends on the UV regulator/cutoff which provides an indication of the UV
behaviour of the theory. Effective field theory calculations of the one-loop correction Π(q2 = 0)
[8, 9, 10] show remarkable quantitative agreement with heterotic string results at “large” compact-
ification radii. See however [11] for a further discussion on the link between these approaches.
The 4D gauge coupling obtained as above (hereafter denoted α(0)) is usually regarded as the
coupling at some “high” (compactification) scale [1]. Below the compactification scale it is usually
assumed that a 4D theory and corresponding logarithmic “running” (in q2) apply. This is indeed
the case under the assumption that the massive Kaluza-Klein states decouple at a momentum scale
q above or of the order of the compactification scale(s). In general such decoupling is true for a
finite number of states. However, in the case of evaluating the contribution of many infinite-level
towers of Kaluza-Klein states such situation may turn out to be slightly different1. To illustrate
this we use an effective field model to analyse the more general case of Π(q2 6= 0) for the one-loop
correction (Figure 1). This will reveal a new effect, present when summing over infinite towers of
KK modes. In such case it turns out that higher dimensional operators are radiatively generated as
one-loop counterterms for the case of two (but not for one) compact dimension(s). This is a result
of a (one-loop) “mixing” of the two contributions associated each with one compact dimension.
Such counterterms are not present if the KK towers are truncated to any large number of modes.
We discuss in detail the link of such higher dimension operators in our field theory approach with
1At the technical level and from a 4D point of view this is related to whether all the series which sum Kaluza-Klein
radiative effects from compact dimensions are (uniformly) convergent and can be integrated term by term.
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Figure 1: One-loop diagram contributing to the gauge couplings, with a fermion of mass Mn and its
associated Kaluza-Klein tower in the loop. Its expression Πµν(q
2) = Π(q2)(qµqν − gµνq
2) for q2 6= 0 can be
read from eq.(1) for one or two compact dimensions.
one-loop heterotic string calculations and their (dis)agreement. Special attention is paid below to
the regularisation of the divergent series of integrals involved, performed in a gauge invariant way.
To begin with, let us consider the general structure of the one-loop correction in two simple
4D toy-models which have one and two additional compact dimensions, respectively. We assume
each model has a gauge group G with 4D tree level gauge coupling α, and that they are compact-
ified on a one- and two-dimensional orbifolds respectively. For our discussion the exact details of
compactification are somewhat unimportant and one can work in the setup presented in [1]. 4D
N=1 supersymmetry is a necessary ingredient to ensure only wavefunction-induced corrections to
the 4D gauge coupling. To illustrate the main point one can use the QED action in 5D and 6D
respectively, to perform a one-loop calculation of the vacuum polarisation diagram in Fig. 1 with
a fermion in the loop and its associated tower of KK states. The result obtained is more general
and applies to the non-Abelian case too. We use the dimensional regularisation scheme (DR) for
the UV divergences. Following standard calculations (see Appendix A in [1]), after performing the
traces over the Dirac γ-matrices and with the notation Πµν(q
2) = Π(q2)(qµqν − gµνq
2) one has2
Π(q2) = α (2π)ǫ
β
4π
′∑
n
∫ 1
0
dx 6x (1 − x) Γ[ǫ/2]
[
µ2
π(M2n + x (1− x) q
2)
] ǫ
2
(1)
Here β is the one-loop beta-function coefficient of a state in the loop associated with a KK tower,
α is the gauge coupling; µ is the usual finite, non-zero mass scale introduced by the dimensional
regularisation scheme. Eq.(1) is just the familiar 4D result [12] for a state of mass Mn in the loop,
with an additional sum over the KK levels n. The “primed” sum over n runs over all integers
n = n ∈ Z with n 6= 0 for one compact dimension and n = (n1, n2) with n1,2 integers and
(n1, n2) 6= (0, 0) for two compact dimensions. We thus exclude this “zero-mode” contribution since
we are only interested in the effect of the massive Kaluza-Klein modes on the gauge coupling and
their decoupling at q2 smaller than the compactification (scales)2. We also assumed that a discrete
2in the ’t Hooft gauge [1].
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“shift” symmetry of the Kaluza-Klein modes/levels n → n + 1 holds true, and this imposes the
summation over the whole, infinite KK tower(s). One has from eq.(1)
Π(q2) = α (2π)ǫ
β
4π
∫ 1
0
dx 6x (1 − x)
′∑
n
∫ ∞
0
dt
t1−ǫ/2
e−π t (M
2
n+x(1−x) q
2)/µ2 (2)
which simplifies if q2 = 0,
Π(0) = α (2π)ǫ
β
4π
′∑
n
∫ ∞
0
dt
t1−ǫ/2
e−π tM
2
n/µ
2
(3)
Eq.(2) gives the general structure of Π(q2) in models with compact dimensions. The UV region
t→ 0 is DR regularised. If Mn = 0 for some level n, the exponent in (2) vanishes at x = 0, 1 and
then an IR regulator at t→∞ is also needed. This is introduced by an “infrared” mass shift λ2→0
of masses M2n, ensuring the integral over t is exponentially suppressed at t→∞ for any x ∈ [0, 1].
Π(0) was evaluated in many effective field theory models using UV cutoff regularisation, see
for example [1, 4], but such regularisations are not gauge invariant. For generic orbifolds with
two compact dimensions with/without Wilson lines, Π(0) was computed in [9, 10, 11] where the
quantitative agreement with its heterotic string counterpart [6, 7] was discussed in detail3. For
one compact dimension Π(q2) was computed in the DR scheme in [3]. At this point we discuss
separately the cases of one and two compact dimensions for Π(q2) to reveal an important difference.
2 One compact dimension.
Our calculation of Π(q2) for one compact dimension is different from that in [3], and is performed
here in a manner suitable to a later comparison with the case of two compact dimensions. To evalu-
ate Π(q2) we need to know the 4D Kaluza-Klein mass spectrum. This depends on compactification
details, but for our purpose we use its most general structure
Mn =
1
R2
(n+ ρ)2 + λ2 (4)
R is the radius of compactification and ρ depends on the orbifold twist or on some additional effects
such as Wilson lines vev’s. λ may be due to massive initial 5D matter fields. This formula applies
for example to models with compactification on S1/Z2, S
1/(Z2 × Z2). In some models λ may
actually vanish and if Mn also vanishes for some value of n (if ρ is an integer), the whole exponent
in eq.(2) vanishes for x = 0, 1. Mathematical consistency of eq.(2) then requires a mass shift of the
whole tower (zero-mode included) by an infrared mass regulator, so we would need introduce λ 6= 0
3See ref.[8] for a general field theory computation of Π(0) in DR, proper-time and zeta-function regularisations.
4
and then take λ → 0. For appropriate re-definitions of the parameters ρ, λ and R, most cases of
models with one extra dimension can be recovered. Here we keep R, ρ, λ as arbitrary parameters.
We use eq.(4) in eq.(2) and the following result4 in DR (see Appendix A of [8])
∫ ∞
0
dt
t1+ǫ
′∑
m∈Z
e−π t [τ (m+ρ)
2+δ] =
1
ǫ
− ln
|2 sinπ(ρ+ i(δ/τ)
1
2 )|2
πeγ τ (ρ2 + δ/τ)
, δ ≥ 0, τ > 0. (5)
With the notation h(x) = x(1− x), σ2 ≡ q2R2 and ν ≡ λR we find from eq.(2) to order O(ǫ)
Π(q2) = α
β
4π
{
−
2
ǫ
− ln[4πe−γ ] + 6
∫ ∞
0
dx h(x)
×
[
ln
ρ2 + ν2 + h(x)σ2
(Rµ)2
− 2π[ν2 + h(x)σ2]
1
2 − ln
∣∣∣∣1− e2iπρ e−2π(ν2+h(x)σ2)
1
2
∣∣∣∣
2]}
(6)
The dependence of the couplings on q2 is then
α−1(q2)− α−1(0) =
[
Π(q2)−Π(0)
]
α−1(0) (7)
The first two integrals in (6) give logarithmic and linear terms in qR, depending on the relative size
of the parameters involved. The first integral may be regarded as the contribution from a single
state of mass equal to that of the zero-mode (M0).
For our later comparison with the two compact dimensions case it is important to notice that
the divergence 1/ǫ cancels out in the difference Π(q2) − Π(0), to leave a dependence of the one-
loop correction on the parameters q, R and λ only. There are no terms in Π(q2) proportional to
q2/ǫ, which means that higher dimensional (derivative) operators are not generated as one-loop
counterterms5. The result for the change of the couplings with q2 is then
α−1(q2)− α−1(0) =
β
4π
(J1 + J2 + J3)
J1 ≡
4
w
−
5
3
+ 2(w − 2)(w + 4)
1
2w−
3
2 ln[((4 + w)
1
2 − w
1
2 )/2],
J2 ≡ −
3πσ
2
{(
ν
σ
)3
−
7
12
(
ν
σ
)
+
1
8
[
3 + 8
(
ν
σ
)2
− 16
(
ν
σ
)4]
arctan
σ
2ν
}
J3 ≡ −6
∫ 1
0
dxh(x) ln
∣∣∣∣1− e
2iπρ−2π(ν2+h(x)σ2)
1
2
1− e2iπρ−2πν
∣∣∣∣
2
(8)
where we used the notation w ≡ q2/M20 = σ
2/(ρ2 + ν2). For w≪ 1, one has J1 = w/5 + O(w
2);
for w ≫ 1, J1 = −5/3 + lnw+O(1/w). Also for σ ≪ 1, and ν : fixed: J2 = −(π/5)σ
2/ν +O(σ4).
4Adding a zero-mode contribution to eq.(5) would cancel the pole 1/ǫ and the ln[πeγτ (ρ2 + δ/τ )] term.
5They can however be generated beyond one-loop level.
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If σ is fixed and ν ≪ 1: J2 = −9σπ
2/32 + 2πν +O(ν2) with the first term giving a “power-like”
(linear) correction in the momentum scale (σ2 ∼ q2) which is important if q2 ≥ 1/R2. J3 gives
only a mild dependence on the momentum q suppressed for q2≥ 1/R2. One may set λ = 0 if the
spectrum (4) of the model considered requires it and if ρ is non-integer/non-zero. In such case only
the term power-like in momentum survives in J2. Eqs.(8) give the dependence of the couplings on
the scale q2, which is different from that on the UV cut-off scale considered in [1]. The distinctive
behaviour in q2 as compared to the 4D case may be used for phenomenology, searches for effects of
an extra dimension or unification of gauge couplings in models with a compact dimension. The only
parameter in this correction is the scale 1/R; there is no dependence on the UV regulator/cutoff
at one-loop level.
3 Two compact dimensions.
The previous analysis can be repeated for two compact dimensions. For the 4D toy-model with
two additional compact dimensions the Kaluza-Klein mass spectrum has the general form
M2m1,m2 =
|m2 − Um1|
2
(R2 sin θ)2
(9)
where we introduced the notation U ≡ U1 + iU2 with U = R2/R1 exp(iθ). Ri are the radii of
the two compact dimensions. This mass formula can be generalised to T 2/ZN orbifolds without
changing the conclusions below.
An important remark is in place here. The total correction Π(q2) includes the contribution of the
zero-mode (0, 0), in addition to that of non-zero modes given by eq.(2). According to (9) M0,0 = 0
and for x reaching its limits of integration x = 0, 1 the contribution of the zero-mode6 to Π(q2)
would have vanishing exponent under the integral over t. This integral would then be divergent in
the infrared (t→∞). A mass shift M2n1,n2 → M
2
n1,n2 + λ
2 is necessary so that the total expression
Π(q2) including massless modes is well-defined before splitting the contributions to Π(q2) into those
due to massless and massive modes, respectively. In (2) one sums over massive modes only and
the integral over t is indeed well defined for t → ∞ because Mm1,m2 6= 0 if (m1,m2) 6= (0, 0).
However, the above discussion requires us to keep the IR regulator in the massive sector as well.
In the following the exponential in (2) will therefore be changed to include the (dimensionless) IR
regulator λ0 required by the massless modes
e−π t (M
2
m1,m2
+x(1−x)q2)/µ2 → e−π t [(M
2
m1,m2
+x(1−x)q2)/µ2+λ2
0
], λ0→0, λ ≡ µλ0 (10)
6This is of the form given in eq.(2) without the sum over the KK levels.
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with λ the infrared mass scale associated with the regulator λ0. This observation is important
because the UV and IR regularisation limits, ǫ → 0 and λ0 → 0 respectively may not “commute”
in eq.(2), even though this equation only sums non-zero modes which have IR-finite contribution.
To evaluate eq.(2) we use the following result in DR
∫ ∞
0
dt
t1+ǫ
′∑
m1,m2
e−π t [τ |Um1−m2|
2+ δ] =
1
ǫ
+
πδ
ǫ
1
τU2
−ln
[
4πe−γ
1
τ
|η(U)|4
]
+E
(
δ
τ
)
; δ ≥ 0, τ > 0 (11)
with U = U1 + iU2. Eq.(11) is valid for 0 ≤ δ|U |
2/(U22 τ) ≤ 1, 0 ≤ δ/(τU
2
2 ) ≤ 1 which are sufficient
conditions only. The “primed” sum runs over all integers (m1,m2) except the level (0, 0) and η(U),
E(δ/τ) are functions defined in the Appendix. The function E(y) is vanishing in the limit y → 0.
The result has divergences in ǫ from t→0 but there are no divergences in δ when δ → 0 because the
integrand is always exponentially suppressed at t→∞ for (m1,m2) 6= (0, 0). Note the emergence
of the term proportional to δ/(τǫ) in addition to7 1/ǫ and which will play an important role in
the following. This is to be compared to the integral in eq.(5) where no such term is present. The
difference is due to the presence of two sums under the integral in eq.(11) rather than only one as
in the one compact dimension case, eq.(5).
To compute Π(q2) we apply the substitution (10) in (2) and then use eq.(11). With the notation
R2 ≡ R1R2 sin θ and retaining terms to O(ǫ) one finds from (2)
Π(q2) = α
−β
4π
{
2
ǫ
+2π
(λR)2
ǫ
+
2π
5
[
(qR)2
ǫ
+(qR)2 ln 2π
]
+ln
[
4πe−γ |η(U)|4 U2 (µR)
2
]
+G(q)
}
(12)
with the constraint
λ2 +
1
4
q2 ≤ min
{
1
R21
,
1
R22
}
(13)
This (sufficient) condition is derived from the validity of eq.(11). In the limit of “removing” the
infrared regulator one takes λ→ 0 or λ2 ≪ 1/R21,2 which leaves a condition for the upper value of
the momentum scale at which the above result still applies. In (12) the function G(q) (analytic)
also depends on R1, R2, λ, but does not depend on the UV regulator ǫ. Its exact expression is not
relevant in the following and is given in the Appendix, eq.(A-2). In G we can safely remove8 the
dependence on the IR regulator λ (λ→ 0) to find the result of eq.(A-3).
Note the presence in Π(q2) of the term (qR)2/ǫ which does not have a counterpart in the case
of one compact dimension. Obviously such term is missed when evaluating only Π(0). A somewhat
similar term in Π(q2) is (λR)2/ǫ, since λ2 and q2 are on equal footing in Π(q2) in the exponent
7Adding a zero mode (0, 0) to eq.(11) would cancel 1/ǫ, but would not cancel the term proportional to δ/ǫ.
8This means that the limit λ→0 in G does not interfere with the ǫ dependence, already isolated in (12).
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under the integral over t, see eq.(2) with the replacement (10). Again, if one had λ=0 in the (IR
finite) massive modes sector, this term would have been missed too.
Following the one compact dimension example, one could in principle write from eqs.(7), (12)
α−1(q2)− α−1(0) =
−β
4π
2π
5
[
(qR)2
ǫ
+ (qR)2 ln(2π) +
5
2π
(
G(q)− G(0)
)]
(14)
Eq.(14) shows that the pole 1/ǫ present in both Π(q2) and Π(0) cancels out in their difference,
similar to the case of one compact dimension. The same applies to the q-independent terms, in
particular to the term (λR)2/ǫ involving the IR scale λ. One is thus left with the q2 dependent
terms, and of these the most important is that proportional to (qR)2/ǫ. This term has no equivalent
in the case of one compact dimension, see eq.(6), (8). For q2 close to the compactification (scales)2,
1/R21 or 1/R
2
2 the coupling has a pole. Even if q
2 ≪ 1/R21 and q
2 ≪ 1/R22, since ǫ → 0, one
cannot set this term to 0, and a “non-decoupling” effect of the KK modes is manifest. Therefore
the limit of scales q well below the compactification scales (hereafter referred to as ”infrared”) and
the UV regularisation limit ǫ→ 0 do not commute. As a result a UV-IR “mixing” effect (IR-finite,
UV-divergent) exists due to the first term in9 eq.(14). The KK level (0, 0) - if included - cannot
change this picture, because its contribution does not bring in a δ/(τǫ) term to eq.(11) responsible
for (qR)2/ǫ in eq.(12).
One concludes that in this regularisation set-up the Kaluza-Klein non-zero modes give an effect
even at momentum scales well below the compactification scale, where one would expect them
to be decoupled. The presence of the UV-IR mixing term is a result of considering the effect of
an infinite (rather than a “truncated”) tower of Kaluza-Klein modes, and as a consequence such
“non-decoupling” effect, induced by infinitely many modes, may not be unexpected in the end. It is
then puzzling why the term (qR)2/ǫ has no counterpart in the one compact dimension case, where
we also summed over the whole KK tower. How can we explain this difference? As we discuss
later, such term corresponds to a counterterm in the action R2DMF
MNDKFKN which cannot be
generated in 5D at one-loop [2] due to Lorentz invariance. At the technical level one can show
that q2R2/ǫ emerges as a one-loop “mixing” of the effects of two compact dimensions: it arises
as a mixed contribution between a sum over ”original” Kaluza-Klein modes associated with one
compact dimension and a ”Poisson re-summed” (or winding) zero-mode10 of a sum corresponding to
the second compact dimension. It is then clear why such term cannot appear in the case of a single
compact dimension. This shows explicitly a different behaviour of the radiative corrections with
9The term (λR)2/ǫ present in Π(q2) or Π(0) but not in their difference is itself a similar UV-IR contribution [11].
10Poisson re-summation in one dimension gives:
∑
n∈Z
exp(−πtn2/R2) = R/√t∑
p∈Z
exp(−πp2R2/t); here n
labels original KK modes while p denotes their “Poisson re-summed” or dual (winding) modes referred to in the text.
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respect to the character even/odd of the number of compact dimensions [14] and brings additional
effects to those discussed in previous works [1, 4].
An immediate question is the regularisation dependence of the existence of the term (qR)2/ǫ.
Our comparative analysis shows that the effect exists for two compact dimensions but there is
no counterpart for one compact dimension where the same UV regularisation was used. This
gives some indication that the existence of the term (qR)2/ǫ is not the result of a particular UV
regularisation choice. Further, our previous discussion on the IR regularisation does not affect the
existence of this term, and finally, the DR scheme used is supposed to provide a UV well-defined
and manifestly gauge invariant framework [15]. One may argue that the UV regularisation must
not affect the IR regime of the theory and that the DR scheme used in this calculation might not
respect this condition. However, calculations closely related [11] using an UV regularisation with
a proper-time cutoff (t ≥ 1/Λ2) in eqs.(2), (11) instead of DR, yield a similar UV-IR “mixing”
term11 (qR)2 ln Λ, with the 1/ǫ factor simply replaced by the logarithm of the UV cutoff Λ.
Eqs.(12), (14) simply tell us that higher dimension (derivative) operators need to be included
for a fully consistent one-loop calculation. This is a significant difference from the previous case
of one compact dimension only. Indeed, the presence of the term q2/ǫ in the effective field theory
result shows that for two compact dimensions the DR regularisation with minimal subtraction is
not sufficient and that higher dimensional operators are radiatively generated/required as one-loop
counterterms. One such counterterm is R2DMF
MNDKFKN (for related discussions on this issue
see Section IV B in [2]). This is important for it establishes a direct link between the effects of
two compact dimensions or their associated infinite KK sums, and the role of higher dimensional
operators. In the absence of additional constraints to fix the (otherwise arbitrary) coefficient of
such counterterms, the corrections they induce will depend on it with implications for the predictive
power of the models. In the case of KK towers “truncated” to a large but finite number of KK
modes, such counterterms are not radiatively generated12.
We do not address in the following the detailed implications for field theory of such higher
dimensional operators, but discuss instead the origin of (qR)2/ǫ or equivalently (qR)2 ln Λ in Π(q2),
from a heterotic string perspective. This is important because it will show the link between the
higher dimensional operators as one-loop counterterms in the field theory approach to Π(q2) and
the one-loop radiative effects in string13. In doing so we consider that the string provides a “UV
completion” of the field theory case, with the latter recovered in the limit α′ → 0 of the string, as
shown in [9, 10, 11] (also [8]). A string counterpart of the one-loop correction to gauge couplings
11Eq.(11) with UV cutoff regularisation instead of DR has πδ/(ǫτU2) replaced by a term proportional to δ lnΛ [11].
12For more details on the decoupling of infinitely many modes in a λφ4 theory see [16].
13This can be done even though the string only computes Π(0) rather than Π(q2), see later.
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considered above is that induced by the N=2 sectors of 4D N=1 toroidal orbifolds. Such two-
dimensional sectors bring one-loop corrections to the gauge couplings due to massive Kaluza-Klein
and winding states [5, 6, 7]. The (field theory limit of such) string calculation for Π(0) does agree
with the pure field theory result for Π(0) [9] which sums Kaluza-Klein effects only, although the
relation between these different approaches is rather subtle [11]. This is particularly true when
analysing the more general case of Π(q2). Let us explain this in detail.
The one-loop string calculation for Π(0) [5, 6] which sums only massive modes’ effects needs
itself a regularisation, this time in the IR region only. In string theory one ultimately computes
a one-loop diagram associated with Π(0) rather than Π(q2) which we would need for comparison
with eq.(12). However, since q2 and λ2 are on equal footing14 in Π(q2) of eq.(12) and also in
the exponential in (2) with replacement (10), it is enough to investigate the role of the string
counterpart of our λ. This is just the IR regulator in string (hereafter denoted λs) which, unlike q
2,
is also present in Π(0) computed by string, and can still convey some information about Π(q2 6= 0) !
The IR regularised string result for Π(0) contains in addition to the well-known one-loop re-
sult [6], higher order terms in the IR regulator which in a DR scheme of the IR divergence have
for example, the form15 λs lnα
′. For technical details on how such term can arise in string, from
the degenerate orbits of the modular group SL(2, Z), see for example Appendix16 A of ref.[13] and
also the calculation in the Appendix of [6]. Here the IR string regulator λs→ 0 and α
′ ∼ 1/M2s
with Ms the string scale. For α
′ 6=0 the term λs lnα
′ vanishes when λs → 0 and this explains why
it is not kept in the final, infrared regularised string result.
What does this tell us for the pure field theory approach to Π(0) or Π(q2) which sums KK effects
only? In the field theory limit of the string calculation, one takes α′→ 0 (infinite string scale) to
suppress string effects (winding modes) but keep those due to massive KK states only, considered
in field theory. In such case, the value of λs lnα
′ depends on the order of taking the limits of IR
regularisation λs → 0 and of field theory α
′→0. This situation applies to other IR regularisations
[6, 7] of the string as well. We are not aware of any string symmetry which imposes the order to
take these limits. The term λs lnα
′ then becomes relevant in the field theory limit. In this limit, λs
(λs→0) is replaced by its field theory counterpart λ
2 (λ2→0) while α′ plays the role that the UV
proper-time cutoff regulator 1/Λ2 does in the field theory approach. With these replacements, an
UV-IR “mixing” term (IR finite, UV divergent) should emerge, (λR)2 ln Λ, just as we found in the
field theory approach for Π(0). But this also tells us something about Π(q2) in field theory. With
the observation that λ and q are on equal footing in Π(q2), this “mixing” terms implies that one
14By this we mean that in equation (12) there are both (λR)2/ǫ and (qR)2/ǫ terms.
15In a modular invariant IR regularisation of the string such α′-dependent terms should be SL(2, Z)T invariant.
16See eq.(A-1),(A-10),(A-12) in [13]. (A-12) brings O(ε) term ε ln(T2U2), (T2∼R1R2/α′) discussed here with ε→λs.
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should expect in the field theory limit a term (qR)2 ln Λ in the proper-time regularisation of the
UV or (qR)2/ǫ in the DR scheme. This is in agreement with our field theory result eq.(12) where
such a term is found, and a strong consistency check of the field theory calculation.
This discussion provides an insight into the role that higher dimension operators play in under-
standing the link between the infrared regularised string result and pure field theory approaches for
Π(q2). It implies in addition that corrections to gauge couplings from infrared regularised string
calculations should retain the terms of structure λs lnα
′ in the final correction to Π(0), if an exact
agreement with their field theory counterpart is to be maintained.
This discussion has implications for the unification of gauge couplings in 4D supersymmetric
models. We refer here to the attempts to match the MSSM unification scale with the (heterotic)
string scale value. In MSSM-like models gauge couplings unify at ∼ 2 × 1016 GeV [17] which is
marginally below the predicted string scale ∼ gGUT 5.27 × 10
17 GeV [5]. Our discussion on the
heterotic string shows that for the models addressed the effects of higher dimension counterterms
are not included in the one-loop string corrections. As a result the predicted value of the string
scale Ms does not include the effects from such operators. This finding should be considered when
attempting solutions for an exact matching of the MSSM unification scale with the heterotic string
scale.
4 Final remarks and Conclusions
For one and two dimensional orbifold compactification we considered the general case of evaluating
at one loop level Π(q2) in a manifestly gauge invariant scheme (DR). For these models we discussed
comparatively the dependence of the couplings on the momentum scale q2 and 1/R2, and the
role of higher dimensional operators as one-loop counterterms. These can be generated when the
summation over the infinite towers of Kaluza-Klein modes is performed. The analysis showed a
different behaviour of the one-loop correction with respect to the character even/odd of the number
of compact dimensions, with such operators generated for the case of two but not for one compact
dimension(s).
For one compact dimension the change of the couplings α−1(q2)−α−1(q
′2) with respect to the
momentum scale is UV regulator independent at one-loop level, unlike the case of more common
approaches using cutoff regularisation [1]. For one compact dimension the results can be used for
phenomenology, unification of the gauge couplings and searches for effects from compact dimensions.
For two compact dimensions a similar analysis of the one-loop effects suggests the existence
of a correction which couples low (“infrared”) scales below the compactification scales, to UV
divergent terms. This implies the existence in this toy-model of some “non-decoupling” effects at
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low energies, due to a “mixing” of the two infinite towers of Kaluza-Klein states. The emergence of
such non-decoupling term in the effective field theory can be re-interpreted and explained simply
by the presence - for two compact dimensions - of higher dimensional operators which are required
as one-loop counterterms.
We investigated in detail the origin of such operators from the heterotic string perspective.
The origin of these counterterms can be related to string corrections to Π(0) of type λs lnα
′ (with
λs → 0 the IR string regulator) which are usually discarded in the final one-loop string result,
since α′ 6= 0. However, they become relevant in the field theory limit, and also in pure field theory
calculations where the two regularisation limits (in IR, UV) do not commute. This raises some
intriguing issues about the infrared problem in heterotic string and its link with higher dimensional
one-loop counterterms in field theory.
If the Kaluza-Klein towers are “truncated” to a finite number of modes, such operators are
not generated. In such case the discrete “shift” symmetry of summing over an infinite tower of
Kaluza-Klein modes is broken. Under our initial assumption that such symmetry holds, the higher
dimensional operators can be seen to account for non-perturbative effects. This is because such
operators are ultimately related to effects of a zero-”mode” of a “Poisson re-summed” Kaluza-Klein
series, i.e. a winding mode (non-perturbative) effect.
It is possible that in fully specified models symmetry arguments may be identified to avoid the
presence of such higher dimension operators. Nevertheless we think these findings are important
for phenomenology, in particular for the scale of unification of gauge couplings. We argued that
one-loop effects from higher dimension counterterms are not included in the (predicted) value of
the string scale and this has implications for its mismatch with the MSSM unification scale.
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Appendix
The functions η(U) and E(y) used in the text are
η(U) = eπiU/12
∏
n≥1
(1− e2iπnU )
12
E(y) =
πy
U2
ln(4πe−γτ U22 )− 2 ln
sinhπy1/2
πy1/2
+ 2π1/2U2
∑
k≥1
Γ[k + 1/2]
(k + 1)!
[
−y
U22
]k+1
ζ[2k + 1]
− ln
∏
m1≥1
[∣∣∣∣1− e−2π(y+U22m21)1/2 e2iπU1m1
∣∣∣∣
4 ∣∣∣∣1− e2iπUm1
∣∣∣∣
−4]
(A-1)
with E(y → 0)→ 0. The function G(q) used in the text eq.(12) is defined as
G(q) ≡ 2 ln π + 2π(λR)2 ln 2π + 2
∫ 1
0
dxx (1− x) E
(
(R2 sin θ)
2(λ2 + x(1− x)q2)
)
(A-2)
The series of Riemann ζ-functions present in E (uniformly convergent under the conditions of
eqs.(11), (13)) can be integrated termwise. Removing the IR regulator (λ0→0 or λ≪1/R
2
1,2) gives
G(q) ≡ 2 ln π + 2
∫ 1
0
dxx (1 − x)E
(
(R2 sin θ)
2x(1− x)q2
)
(A-3)
References
[1] K. R. Dienes, E. Dudas, T. Gherghetta, Nucl. Phys. B 537 (1999) 47 [arXiv:hep-ph/9806292].
K. R. Dienes, E. Dudas, T. Gherghetta, Phys. Lett. B 436 (1998) 55 [arXiv:hep-ph/9803466].
[2] J. F. Oliver, J. Papavassiliou and A. Santamaria, Phys. Rev. D 67 (2003) 125004
[arXiv:hep-ph/0302083].
[3] W. D. Goldberger and I. Z. Rothstein, arXiv:hep-th/0208060.
W. D. Goldberger, I. Z. Rothstein, Phys. Rev. Lett. 89 (2002) 131601 [arXiv:hep-th/0204160].
[4] M. Lanzagorta and G. G. Ross, Phys. Lett. B 349 (1995) 319 [arXiv:hep-ph/9501394].
[5] V. S. Kaplunovsky, arXiv:hep-th/9205070.
[6] L. J. Dixon, V. Kaplunovsky and J. Louis, Nucl. Phys. B 355 (1991) 649. See also ref.[7].
[7] P. Mayr and S. Stieberger, Nucl. Phys. B 407 (1993) 725 [arXiv:hep-th/9303017].
D. Bailin, A. Love, W. A. Sabra and S. Thomas, Mod. Phys. Lett. A 10 (1995) 337
D. Bailin, A. Love, W. A. Sabra and S. Thomas, Mod. Phys. Lett. A 9 (1994) 67
S. Ferrara, C. Kounnas, D. Lust, F. Zwirner, Nucl. Phys. B 365 (1991) 431
P. Mayr, H. P. Nilles and S. Stieberger, Phys. Lett. B 317 (1993) 53 [arXiv:hep-th/9307171].
H. P. Nilles and S. Stieberger, Phys. Lett. B 367 (1996) 126 [arXiv:hep-th/9510009].
P. Mayr and S. Stieberger, Phys. Lett. B 355 (1995) 107 [arXiv:hep-th/9504129].
P. Mayr and S. Stieberger, arXiv:hep-th/9412196.
13
G. Lopes Cardoso, D. Lust, T. Mohaupt, Nucl. Phys. B 450 (1995) 115 [hep-th/9412209].
G. Lopes Cardoso, D. Lust, T. Mohaupt, Nucl. Phys. B 432 (1994) 68 [hep-th/9405002].
H. P. Nilles and S. Stieberger, Nucl. Phys. B 499 (1997) 3 [arXiv:hep-th/9702110].
B. de Wit, V. Kaplunovsky, J. Louis, D. Lust, Nucl. Phys. B 451 (1995) 53.
E. Kiritsis, C. Kounnas, P. M. Petropoulos, J. Rizos, Nucl. Phys. B 483 (1997) 141
S. Stieberger, Nucl. Phys. B 541, 109 (1999) [arXiv:hep-th/9807124].
E. Kiritsis and C. Kounnas, [arXiv:hep-th/9507051.]
E. Kiritsis, C. Kounnas, Nucl. Phys. Proc. Suppl. 45BC (1996) 207 [arXiv:hep-th/9509017].
P. M. Petropoulos and J. Rizos, Phys. Lett. B 374 (1996) 49 [arXiv:hep-th/9601037].
[8] D.M. Ghilencea, arXiv:hep-th/0311187.
[9] D.M. Ghilencea, S. Groot Nibbelink, Nucl. Phys. B 641 (2002) 35 [arXiv:hep-th/0204094].
[10] D.M. Ghilencea, Nucl. Phys. B 670 (2003) 183, [arXiv:hep-th/0305085].
[11] D.M. Ghilencea, Nucl. Phys. B 653 (2003) 27 [arXiv:hep-ph/0212119].
[12] See for example: P. Ramond, ‘Field Theory, A Modern Primer”, The Benjamin/Cummings
Publishing Company, Inc., Reading Massachusetts, 1981.
[13] K. Fo¨rger, S. Stieberger, Nucl. Phys. B 559 (1999) 277 [arXiv:hep-th/9901020].
[14] P. Candelas and S. Weinberg, Nucl. Phys. B 237 (1984) 397.
[15] H. C. Cheng, K. T. Matchev, M. Schmaltz, Phys. Rev. D66 (2002) 036005
[arXiv:hep-ph/0204342]
[16] Y. Kubyshin, D. O’Connor and C. R. Stephens, Class. Quant. Grav. 10 (1993) 2519.
[17] D. M. Ghilencea and G. G. Ross, Nucl. Phys. B 606 (2001) 101 [arXiv:hep-ph/0102306].
14
